We classify the entanglement of two-mode Gaussian states according to their degree of total and partial mixedness. We derive exact bounds that determine maximally and minimally entangled states for fixed global and marginal purities. This characterization allows for an experimentally reliable estimate of continuous variable entanglement based on measurements of purity.
Quantum entanglement of Gaussian states constitutes a fundamental resource in continuous variable (CV) quantum information [1] . Therefore, the quest for a theoretically satisfying and experimentally realizable quantification of the entanglement for such states stands as a major issue in the field. On the theoretical ground, a proper, computable quantitative characterization of the entanglement of Gaussian states is provided by the logarithmic negativity [2] . Experimental schemes to determine the entanglement of Gaussian states have been proposed both in the two-mode [3] and in the multipartite [4] instance. However, these schemes are based on homodyne detections, and require a full reconstruction of all the second moments of the Gaussian field.
In this work, we present a theoretical framework to estimate the entanglement of two-mode Gaussian states by the knowledge of the total and of the two partial purities. This is achieved by deriving analytical a priori upper and lower bounds on the logarithmic negativity for fixed values of the global and marginal purities. We then show that the set of entangled Gaussian states is tightly contained between two extremal surfaces of maximally and minimally entangled states. This quantification allows for a simple strategy to measure the entanglement of Gaussian states with reliable experimental accuracy. In fact, measurements of global and marginal purities do not require the demanding reconstruction of the full covariance matrix and can be performed directly by exploiting the technology of quantum networks [5] .
Let us consider a two-mode continuous variable system, described by the Hilbert space H = H 1 ⊗ H 2 resulting from the tensor product of the Fock spaces H k 's. We denote by a k the annihilation operator acting on the space H k . Likewise,
are the quadrature phase operators of the mode k, the corresponding phase space variables being x k and p k .
In the following, we will make use of the Wigner quasiprobability representation W (x i , p i ), defined as the Fourier transform of the symmetrically ordered characteristic function. In Wigner phase space picture, the tensor product H = H 1 ⊗ H 2 results in the direct sum Γ = Γ 1 ⊕ Γ 2 of the related phase spaces Γ i 's. A symplectic transformation acting on the global phase space Γ corresponds to a unitary operator acting on H [6] . We will refer to a transformation S l = S 1 ⊕ S 2 , with each S i ∈ Sp (2,R) acting on Γ i , as to a "local symplectic operation", corresponding to a "local unitary transformation"
The set of Gaussian states is defined as the set of states with Gaussian Wigner function
where X iXj +X jXi − X i X j . For simplicity, in what follows σ will refer both to the Gaussian state and to its covariance matrix. It is convenient to express σ in terms of the three 2 × 2 matrices α, β, γ
Heisenberg uncertainty principle can be expressed as [6] 
where Ω ≡ ω ⊕ ω is the usual symplectic form with ω ij = δ ij−1 −δ ij+1 , i, j = 1, 2. Ineq. (3) can be recast as a constraint on the Sp (4,R) invariants ∆ ≡ Det α + Det β + 2 Det γ, and
In general, the Wigner function transforms as a scalar under symplectic operations, while the covariance matrix σ transforms according to σ → S T σS, with S ∈ Sp (4,R) . As it is well known [7] , for any covariance matrix σ there exists a local canonical operation S l = S 1 ⊕ S 2 that recasts σ in the "standard form" σ sf with α = diag {a, a}, β = diag {b, b}, γ = diag {c + , c − }, where a, b, c + , c − are determined by the four local symplectic invariants Det σ, Det α, Det β, and Det γ.
Any bipartite Gaussian state σ can always be written as σ = S T νS for some S ∈ Sp 4,R and ν = diag {n − , n − , n + , n + }. The quantities n ∓ constitute the symplectic spectrum of σ; they are determined by the global symplectic invariants [8, 9] 
In terms of n ∓ Ineq. (4) becomes simply n − ≥ 1/2. We will characterize the mixedness of a quantum state ̺ by its purity µ ≡ Tr ̺ 2 . For a n-mode Gaussian state σ the purity is simply evaluated integrating the Wigner function, yielding µ = 1/(2 n √ Det σ). As for the entanglement, we recall that the positivity of the partially transposed (PPT) stateσ is equivalent to separability for any two-mode Gaussian state σ [6] . In terms of symplectic invariants, partial transposition corresponds to flipping the sign of Det γ, so that ∆ turns into∆ = ∆ − 4 Det γ. The symplectic spectrumñ ∓ ofσ is simply found inserting∆ for ∆ in Eq. (5). Ifñ − is the smallest symplectic eigenvalue of the partially transposed covariance matrixσ, a state σ is separable if and only ifñ
A bona fide measure of entanglement for two-mode Gaussian states should thus be a monotonically decreasing function ofñ − , quantifying the violation of inequality (6) . A computable entanglement monotone for generic two-mode Gaussian states is provided by the logarithmic negativity
. For symmetric Gaussian states, i.e. states whose standard form is characterized by α = β, another computable entanglement monotone is provided by the entanglement of formation [10] . However, in this subcase the two measures provide the same characterization of entanglement and are fully equivalent. Therefore, from now on we will adopt the logarithmic negativity to quantify the entanglement of two-mode Gaussian states. We now show that a generic state in standard form can be reparametrized in terms of the Sp (4,R) invariants µ (the global purity) and ∆, and of the Sp (2,R) ⊕ Sp (2,R) invariants µ 1 and µ 2 , where µ i denotes the purity of the reduced state in mode i (i = 1, 2). For a generic two-mode Gaussian state σ sf we thus have
Eqs. (7) (8) (9) are easily inverted to provide the following parametrization
The global and marginal purities range from 0 to 1, constrained by the condition
a direct consequence of Heisenberg uncertainty relations. It implies that no Gaussian LPTP (less pure than product) states exist, at variance with the case of two-qubit systems [11] . Eqs. (5,10, 11 ) determine the smallest symplectic eigenvalue of the covariance matrix σ and of its partial transposeσ
The invariant ∆ has a direct physical interpretation: at given global and marginal purities, it determines the amount of entanglement of the state. In fact, one has
The smallest symplectic eigenvalue of the partially transposed state is strictly monotone in ∆. Therefore the entanglement of a generic Gaussian state σ with global purity µ and marginal purities µ 1,2 strictly increases with decreasing ∆. Since ∆ has both lower and upper bounds, due to Ineq. (14), not only maximally but also minimally entangled Gaussian states exist. This is an important result concerning the relation between entanglement and purity of quantum states: the entanglement of a Gaussian state is tightly bound by the amount of global and marginal purities, with only one remaining degree of freedom related to the invariant ∆. We now aim to characterize extremal (maximally or minimally) entangled Gaussian states for fixed global and marginal purities. Let us first consider the states saturating the lower bound in Eq. (14), which entails maximal entanglement. They are Gaussian maximally entangled mixed states (GMEMS), admitting the following parametrization
We now recall that Gaussian squeezed thermal states are states of the form σ = S r νS r , where S r is the symplectic representation of the two-mode squeezing operator Exp [r(a 1 a 2 − a † 1 a † 2 )/2], while ν = diag {n − , n − , n + , n + }. These states are in standard form with a = n − cosh 2 r + n + sinh 2 r, b = n + cosh 2 r+n − sinh 2 r, c + = −c − = (n − +n + ) sinh 2r/2. In the pure case (n ∓ = 1/2) they reduce to two-mode squeezed vacua. We thus find that states of the form of Eq. (16) are non-symmetrical squeezed thermal states with tanh 2r = (µ 1 µ 2 − µ
. These states are separable in the range
In such a separable region in the space of purities, no entanglement can occur for states of the form of Eq. (16), while, outside this region, they are GMEMS. We now consider the class of states that saturate the upper bound in Eq. (14). They determine the class of Gaussian least entangled mixed states (GLEMS). Violation of Ineq. (17) implies
. Therefore, outside the separable region, GLEMS fulfill
Eq. (18) expresses saturation of Heisenberg relation (4). We thus find that the most semiclassical states of minimum quantum uncertainty are Gaussian least entangled states. GLEMS in standard form are characterized by
According to the PPT criterion, GLEMS are separable only for µ ≤ µ 1 µ 2 / µ 2 1 + µ 2 2 − µ 2 1 µ 2 2 , so that in the range
both separable and entangled states can be found. The very narrow region defined by Ineq. (20) is the only coexistence region between entangled and separable Gaussian mixed states. Furthermore, Ineq. (14) leads to the following constraint on the purities
For purities which saturate Ineq. (21), GMEMS and GLEMS coincide and we have a unique class of states depending only on the marginal purities µ 1,2 . They are Gaussian maximally entangled states for fixed marginals (GMEMMS). The maximal entanglement of a Gaussian state decreases rapidly with increasing difference of marginal purities, in analogy with finite-dimensional systems [11] . For symmetric states (µ 1 = µ 2 ) Ineq. (21) reduces to the trivial bound µ ≤ 1 and GMEMMS reduce to pure two-mode squeezed states. We can summarize the previous results in the following scheme, classifying all the two-mode Gaussian physical states according to their degree of global and marginal purities
Knowledge of the global and marginal purities thus accurately characterizes the entanglement of Gaussian states, providing strong sufficient conditions and analytical bounds. As we will now show, marginal and global purities allow also an accurate quantification of entanglement. Outside the separable region, GMEMS attain maximum logarithmic negativity E N max
while, in the entangled region (see Eq. (22)), GLEMS acquire minimum logarithmic negativity E N min Knowledge of ∆ (i.e. of the full covariance matrix) would allow for an exact quantification of the entanglement. However, we will now show that an estimate based only on the knowledge of the experimentally measurable global and marginal purities turns out to be quite accurate. We can in fact quantify the entanglement of Gaussian states with given global and marginal purities by the "average logarithmic negativity"Ē N defined as
We can then also define the relative error δĒ N onĒ N as
It is easily seen that this error decreases both with increasing global purity and decreasing marginal purities, i.e. with increasing entanglement. For ease of graphical display, let us consider the important case of symmetric Gaussian states, for which the reduction µ 1 = µ 2 ≡ µ i occurs. Fig. 1 shows the classification of the entanglement of symmetric states depending on their global and marginal purities. Notice in particular the very narrow region of coexistence of separable and entangled states. In Fig. 2, E N min (µ i , µ) of Eq. (24) and E N max (µ i , µ) of Eq. (23) are plotted versus µ i and µ. In the case µ = 1 the upper and lower bounds correctly coincide, since for pure states the entanglement is completely quantified by the marginal purity. For mixed states this is not the case, but, as the plot shows, knowledge of the global and marginal purities strictly bounds the entanglement both from above and from below.
The relative error δĒ N (µ i , µ) given by Eq. (26) is plotted in Fig. 3 as a function of the ratio µ/µ i . It decays exponentially, and falls below 5% for µ > µ i . Thus detection of genuinely entangled states is always assured by this method, except at most for a small set of states with very weak entanglement (states with E N 1). Moreover, the accuracy is even greater in the general non-symmetric case µ 1 = µ 2 , because the maximal entanglement decreases in such an instance. The above analysis demonstrates that the average logarithmic negativityĒ N is a reliable estimate of the logarithmic negativity E N , improving as the entanglement increases. This allows for an accurate quantification of CV entanglement by knowledge of the global and marginal purities. The latter quantities may be in turn amenable to direct experimental determination by exploiting the technology of quantum networks [5] , even without homodyning [12] . The present work thus may provide a powerful operative characterization and quantification of the entanglement of generic Gaussian states. 
